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The variables appropriate for the infrared limit of uncon¬ 
strained SU{2) Yang-Mills field theory are obtained in the 
Hamiltonian formalism. It is shown how in the infrared limit 
an effective nonlinear sigma model type Lagrangian can be 
derived which out of the six physical fields involves only one 
of three scalar fields and two rotational fields summarized in 
a unit vector. Its possible relation to the effective Lagrangian 
proposed recently by Faddeev and Niemi is discussed. 


The conventional perturbative treatment of gauge the¬ 
ories works successfully for the description of high energy 
phenomena, but fails in applications in the infrared re¬ 
gion. Several different approaches ||^- Q have been pro¬ 
posed for the nonperturbative reduction of gauge theories 
to the equivalent unconstrained system. The guideline of 
these investigations has been the search for a representa¬ 
tion of the gauge invariant variables which are adapted to 
the study of the low energy phase of Yang-Mills theory. 
An alternative and very interesting approach has been 
proposed very recently by where a topological soliton 
model with features relevant for the low energy region is 
argued to be extendable to full SU{2) Yang-Mills theory. 
We shall discuss in this work how an effective low energy 
theory can be obtained directly from the unconstrained 
sytem. 

In previous work Q we obtained the unconstrained 
system equivalent to the degenerate SU{2) Yang-Mills 
theory following the method of Hamiltonian reduction 
( |3,§| and references therei^ in the framework of the 
Dirac constraint formalism p. It has been shown that 
SU{2) Yang-Mills theory can be reduced to the corre¬ 
sponding unconstrained system describing the dynamics 
of a positive dehnite symmetric 3x3 matrix Q*. In this 
letter we separate the six physical dynamical field vari¬ 
ables into three rotation invariant and three rotational 
ones. We shall obtain an effective low energy theory in¬ 
volving only two of the three rotational helds, summa¬ 
rized in a unit vector, and one of the tree scalar fields, 
and shall discuss its possible relation to the effective soli¬ 
ton Lagrangian proposed recently in ||] . 

As derived in the dynamics of the physical variables 
of SU{2) Yang-Mills theory can be described by the non¬ 
local Hamiltonian 
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in terms of the unconstraint canonical pairs, the positive 
definite symmetric 3x3 matrices Q* and P*. The first 
term is the conventional quadratic “kinetic” part, the sec¬ 
ond the trace of the square of the non-Abelian magnetic 
field 

Bsk{Q*) = ekimidiQt^ + ^esbcQliQlm) • ( 2 ) 

The third term in the Hamiltonian is the square of the 
vector E given as solution of the differential equation 


iikiQ*) 


-^ikldl 
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Ek — Si 


(3) 


with 'jik := Q*^. — SikTr^Q*) and the source term 


Sk{x):=ekirn{P*Q*)i^-^diP^i , (4) 

which coincides with the spin density part of the Noethe- 
rian angular momentum up to divergence terms. 

The solution E of the differential equation can be 
expanded in 1/g. The zeroth order term is 

Ei°^ = i:^\klm {P*Q*)lr^ , (5) 


and the first order term is determined via 


:= 



(rot - dkP*ki 


( 6 ) 


from the corresponding zeroth order term. The higher 
terms are obtained via the simple recurrence relations 


:= ^7«-)'(rot E (")); . (7) 

Whereas the gauge fields transform as vectors under 
spatial rotations, the unconstrained helds Q* and P* 
transform as second rank tensors under spatial rota- 
tions.Q In order to separate the three helds which are in¬ 
variant under spatial rotations from the three rotational 


^ Note that for a complete analysis it is necessary to in¬ 
vestigate the transformation properties of the field Q* under 
the whole Poincare group. We shall limit ourselves here to 
the isolation of the scalars under spatial rotations and treat 
Q* in terms of “nonrelativistic spin 0 and spin 2 helds” in 
accordance with the conclusions obtained in the work [Q|. 
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degrees of freedom we perform the following main axis 
transformation of the original positive definite symmet¬ 
ric 3 x 3 matrix field Q*{x) 

Q* (X. </>) = R^{x{x))V {(t){x)) R{x{x)), ( 8 ) 

with the orthogonal matrix R{x) and the positive definite 
diagonal matrix 

V{(j))--dia.g{(t>i,(t)2,h), (* = 1,2,3), (9) 

the unconstrained Hamiltonian can be written in the 
form 



Here the fields are the canonically conjugate momenta 
to the diagonal helds (j)i and 


(pjfyx) - (j)k[x) 

with the SO{3) left-invariant Killing vectors 

^k{x) := M{e,tlj)kip^i , ( 12 ) 

where in terms of the Euler angles 

( sini/j/sinfl, cosip, —sin^cotd\ 

— cos'0/sin0, sinip, cos^cot0 

0 , 0 , 1 ) 

(13) 

The electric field vector £ is given by an expansion in 1/g 
with the zeroth order term 

£-^'^ := ——— {cycl. permut. i ^ j ^ k) , (14) 

(pj + (pk 

the hrst order term given from via 

(15) 

with cyclic permutations oi i ^ j ^ k and the higher or¬ 
der terms of the expansion determined via the recurrence 
relations 

(16) 

Here the components of the covariant derivatives 
along the vector fields Xk := Rkidi 

{VxJ)b-=Xk£b + T\f,£d ( 17 ) 



are determined by the connection 

:= {RX,R^)^^ = -eabs(M-^)skX,Xk ■ (18) 

The “source” terms 5^ are given as 

“1 = r^22(*’'l ~ ^ 2 ) + ~ 1"^23^2 — r^23^1 

-2r\2lP3 + ^21^3 + (2^3) (19) 

and its cyclic permutaions S 2 and S 3 . 

The magnetic part V of the potential is 

3 

( 20 ) 

2 = 1 

with 

yi[(p^x] = (r\2(<(>2 - (pl) -X2(pl)^ 

+ (r\3(<(’3 - (pl) - ^3<Pl) 

+ (r^23'/’3 + r^32(/>2 — g(p2(p3) ( 21 ) 


and its cyclic permutations . 

In the strong coupling limit the expression ( |l^ for the 
unconstrained Hamiltonian reduces to 


Hs = 



y[(px] 


( 22 ) 


For the further investigation of the low energy properties 
of SU{2) field theory a thorough understanding of the 
properties of the term in ( po|) containing no derivatives 

V\io’m[(pi] = g'^[(pi(p2 + 'p2'p3 + <(’3'('l] (23) 

is crucial. The classical absolute minima of energy cor¬ 
respond to vanishing of the positive definite kinetic term 
in the Hamiltonian ([^). The stationary points of the 
potential term are 

(pl = (p 2 = 0 , (p 3 arbitrary (24) 

and its cyclic permutations. Analysing the second or¬ 
der derivatives of the potential at the stationarity points 
one can conclude that they form a continous line of 
degenerate absolute minima at zero energy. In other 
words the potential has a “valley” of zero energy min¬ 
ima along the line (pi = (p 2 = 0. They are the uncon¬ 
strained analogs of the toron solutions @ representing 


^For spatially constant fields the integrand of this expression 
reduces to the Hamiltonian of SU{2) Yang-Mills mechanics 
considered in previous work [^. 


2 










constant Abelian field configurations with vanishing mag¬ 
netic field in the strong coupling limit. The special point 
4 >i = 4^2 = 4’3 = ^ corresponds to the ordinary perturba¬ 
tive minimum. 

For the investigation of the configurations of higher 
energy it is necessary to include the rotational term in 
(p^). Since the singular points of the rotational term 
just correspond to the absolute minima of the potential 
there will a competition between an attractive and a re¬ 
pulsive force. At the balance point we will have a local 
minimum corresponding to a classical configuration with 
higher energy. 

The above representation (^) in terms of scalar and 
rotational fields gives us furthermore the possibility to 
analyse the wellknown exact, but nonnormalizable, zero 
energy groundstate wave functional of SU (2) gluodynam- 
ics |ll| in the strong coupling limit. For the correspond¬ 
ing unconstrained Hamiltonian it has been discussed 
in j|] and has the form 

=exp(-87r2hF[Q*]) (25) 

with the 

winding number functional VF[Q*] ;= f d?x Kq{x) in 
terms of the zero component of the Chern-Simons vector 
K^{Q*) := 

written in terms of Q* := Q*iTi with the Pauli matrices 
Ti. In the strong coupling limit the groundstate wave 
functional ( p^ reduces to the very simple form 

= exp[-g()ii(/)2^3] ■ (26) 

It is nonnormalizable despite the sign definiteness of its 

exponent (^i > 0 , i = 1,2,3). For the analysis of this 
wave function in the neighbourhood of the line 4 >i = 4^2 = 
0 of minima of the classical potential (p^, it is useful to 
pass from the variables 4 >i and ^2 transverse to the valley 
to the new variables 4 >x and 7 via 

4>i = 4>1. COS 7 , 4>2 = 4>i. sin 7 {4)x > 0 , 0 < 7 < . 

(27) 


therefore due to the outflow of the wave function with 
constant values along the valley to arbitrarily large val¬ 
ues of the field (^ 3 . The formation of condensates with 
macroscopically large fluctuations of the field amplitude 
might be a very interesting consequence of the properties 
of the classical potential. To establish the connection be¬ 
tween this phenomenon and the model of the squeezed 
gluon condensate jl^ will be an interesting task for fur¬ 
ther investigation. 

We now would like to find the effective classical field 
theory to which the unconstrained theory reduces in the 
limit of infinite coupling constant 5 , if we assume that the 
classical system spontaneously chooses one of the classi¬ 
cal zero energy minima of the leading order part ( p^ ) of 
the potential. As discussed above these classical minima 
include apart from the perturbative vacuum, where all 
fields vanish, also field configurations with one scalar field 
attaining arbitrary values. Let us therefore put without 
loss of generality (explicitly breaking the cyclic symme¬ 
try) 

(/>! = 02 = 0 , 03 — arbitrary , (30) 

such that the potential ( p^ ) vanishes. In this case the 
part of the potential (| 2 ^) containing derivatives takes the 
form 

Knh = 03(x)2[(F\3(a;))2 + (r223(a;))2 + (r233(a;))2 + 

+(r\i(2;))^ + (r^2i(2^))^ + (r^3i(^))^] + 

+203(a;) [T%,{x)Xi 4>3 + T%^{x)X24>3] + 

+ [(Ai03)2 + (A203)'] . (31) 

Introducing the unit vector 

n,(0,0) :=i?3i(0,0) , (32) 

pointing along the 3-axis of the “intrinsic frame”, one can 
write 

Vinh = (difif + (5i03)^ - (ni5i03)^ 

-{nidinj)dj{4)l) . (33) 


The classical potential then reads 


1^(03,0_L, 7) = 9 ^ ( 030i + ^0lsin^(27) 


(28) 


and the groundstate wave function (Effl becomes 


$[03,0±,7] = exp 


-^5030i sin( 27 ) 


(29) 


We see that close to the bottom of the valley, for small 
0^, the potential is that of a harmonic oscillator and the 
wave functional correspondingly a Gaussian with a max¬ 
imum at the classical minimum line 0 _l = 0. The height 
of the maximum is constant along the valley. The non- 
normalizability of the groundstate wave function (p^ is 


Concerning the contribution from the nonlocal term in 
this phase, we obtain for the leading part of the electric 
fields 


£i°^ = -Ci/h , = -6/03. (34) 

Since the third component and V 3 are singular in 
the limit 0i, 02 —> 0, it is necessary to have 6 ^ O- The 
assumption of a definite value of 6 is in accordance with 
the fact that the potential is symmetric around the 3- 
axis for small 0i and 02 , such that the intrinsic angular 
momentum 6 is conserved in the neighbourhood of this 
configuration. Hence we obtain the following effective 
Hamiltonian up to order 0(1/g) 
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HeS = 






-{riidiclas)^ - {nidinj)dj{(l)l) 


■ (35) 


After the inverse Lagrangian transformation we obtain 
the corresponding nonlinear sigma model type effective 
Lagrangian for the unit vector n{t, x) coupled to the 
scalar field x) 


Leff 1 


1 

2 





+(ni5i(/)3)^ + ni{dinj)dj{(t)l) 


(36) 


To obtain it from the corresponding higher order terms 
in the strong coupling expansion of the unconstrained 
Hamiltonian (p^ ) is under present investigation. 

In summary we have found a representation of the 
physical variables which is appropriate for the study of 
the infrared limit of SU(2) Yang-Mills theory. We have 
shown how in the infrared limit an effective nonlinear 
sigma model type Lagrangian can be derived which out 
of the six physical fields involves only one of three scalar 
fields and two rotational fields summarized in a unit vec¬ 
tor. The study of the corresponding quantum theory as 
well as the consideration of higher order terms in the 
strong coupling expansion will be the subject of future 
work. 


In the limit of infinite coupling the unconstrained field 
theory in terms of six physical fields equivalent to the 
original SU{2) Yang-Mills theory in terms of the gauge 
fields A“ reduces therefore to an effective classical field 

H' 

theory involving only one of the three scalar fields and 
two of the three rotational fields summarized in the unit 
vector n. Note that this nonlinear sigma model type 
Lagrangian admits singular hedgehog configurations of 
the unit vector field n. Due to the absence of a scale at 
the classical level, however, these are unstable. Consider 
for example the case of one static monopole placed at the 
origin, 

Ui := Xi/r , ())3 = (j)'i{r) , r := ^Jxl+xl+xl . (37) 

Minimizing its total energy E 

E[(j)^]=ATT j dr(j)l{r) (38) 

with respect to 4>^{r) we find the classical solution 
(/) 3 (r) = 0. There is no scale in the classical theory. Only 
in a quantum investigation a mass scale such as a nonva¬ 
nishing value for the condensate < O|0§|O > may appear, 
which might be related to the string tension of flux tubes 
directed along the unit-vector field n{t,x). The singular 
hedgehog configurations of such string-like directed flux 
tubes might then be associated with the glueballs. The 
pure quantum object < 0|(f)n|0 > might be realized as a 
squeezed gluon condensate IM . Note that for the case 
of a spatially constant condensate, 

< 0[(^3|0 >=: 2m^ = const. , (39) 

the quantum effective action corresponding to (|^ ) 
should reduce to the lowest order term of the effective 
soliton Lagangian discussed very recently by Faddeev and 
Niemi Q 



As discussed in [^, for the stability of these knots fur¬ 
thermore a higher order Skyrmion-like term in the deriva¬ 
tive expansion of the unit-vector field ri(t,x) is necessary. 


Acknowledgements 

We are grateful for discussions with S.A. Gogilidze, 
D.M. Mladenov, V.N. Pervushin, G. Ropke, A.N. 
Tavkhelidze and J.Wambach. One of us (A.K.) acknowl¬ 
edges the Deutsche Forschungsgemeinschaft for provid¬ 
ing a visting stipend. His work was also supported by 
the Russian Foundation for Basic Research under grant 
No. 96-01-01223. H.-P. P. acknowledges support by the 
Deutsche Forschungsgemeinschaft under grant No. Ro 
905/11-2 and by the Heisenberg-Landau program . 


[ 1 ] 

[ 2 ] 

[3] 

[4] 

[5] 

[ 6 ] 

[7] 

[ 8 ] 
[9] 

[ 10 ] 

[ 11 ] 

[ 12 ] 

[13] 

[14] 


J. Goldstone, R. Jackiw, Phys. Lett. B 74 (1978) 81. 
A.G. Izergin, V.F. Korepin, M.E. Semenov - Tyan- Shan- 
skii, L.D. Faddeev, Teor. Mat. Fiz. 38 (1979) 3. 

Yu. Simonov, Sov. J. Nucl. Phys. 41 (1985) 835. 

P. E. Haagensen and K. Johnson, Nucl. Phys. B 439 
(1995) 597. 

L. Faddeev and A.J. Niem i, Partially Dua l Variables in 


SU{2) Yang-Mills Theory, liep-th/9807069 


A.M. Khvedelidze and H.-P. Pavel, Ha miltonian Reduc - 
tion of SU(2) Yang-Mills Field Theory, hep-th/9808082. 
S.A. Gogilidze, A.M. Khvedelidze, V.N. Pervushin, Phys. 
Rev. D 53 (1996) 2160. 

S.A. Gogilidze, A.M. Khvedelidze, D. M. Mladenov and 
H.-P. Pavel, Phys. Rev. D 57 (1998) 7488. 

P.A.M. Dirac, Lectures on Quantum Mechanics, Belfer 
Graduate School of Science, (Yeshive University Press, 
New York, 1964). 

M. Liischer, Nucl. Phys. B 219 (1983) 233. 

H.Loos, Phys.Rev. 188 (1969) 2342. 

R. Jackiw, Topological Investigations of Quantized Gauge 
Theories in: Gurrent Algebra and Anomalies, (World Sci¬ 
entific Publishing, Singapore, 1985) 

S. Deser, R.Jackiw and S.Templeton, Ann.Phys 140, 372 
(1982). 


D. Blaschke, H.-P. Pavel, V.N. Pervushin, G. Ropke and 
M.K. Volkov, Phys. Lett. B 397 (1997) 129. 


4 










